
Math 4650-Limitsof functions



Station:

We write f : D- R to mean

that f is a function with domain D

and output in IR .

Ex f :RER given by f(x) = X

Ex: + : R-503-RR
given by f(x) = *



&

Lef : Let DERR .

Let a EIR .

We say
that a is aLimitpoint of D

if for every
830 there exists X-D

with <IX-akS .

#&
D:D = 10,usah

Daim: O is a limit point of D.

chai
Le + x = minG3 .[,Dis !
Then

,
0 < /X-01S and XED.

Thus,
O is limit point of D.

Cr



-niwizis
not a limito a

There is no
XeD with OCIX-2k E.[-<

Thus
,

2 is not a limit point of D.

~
eorem : Let DEIR and a El .

-

Then : a is a limit point of D it and

only if there exists a sequence
(X)

contained in D with XnFa for all n

and lim Xn
= a. #

-Le: Hw

Ex: 1 is a
limit point of D = Co ,

1

because
if we

set Xn
= 1- with 13, 2

-

then (xnine2 is contained in D
,

Xe#1

for all n and Xn+ 1.

↳!



Hef:Let DEandfiDand LER.

We write Limf(x)
= L if

for every
270

there
exists So

so
that if XED and O < IX-akS

then
If(x)-1)

> 3.

M

y = f(x)

E(x)
L-E#

memX is within S-distance of a

but X + a



# Let's show that lim x= 4 .

X + 2

of:

Let 270 .

We need to find 800 so that if <X-21S, the

-

Note that (x= 4) = (x- 2 ((x + 2)
- weneedtthis
we can

control brestrict
,a

this S
with

SE1 .

Suppose

Then if 0 < IX-2) < 81) we
will get

(x + 2) = (x - 2 + 2 + 2) = (x- 2 + 4)

((X- 2) + (4)

1 + 4

= 5

Thus ,
if0c(x-21811 ,

then

(x=y) = (x + 2)(x - 2) < S(x- 2)

set d = min E, 13. .

Then ,
if O < IX-218 we

will get



(x= 4) = (x + 3)(x - 2) < 58-55 = 3.

↑ t
⑫825

To
it ock-21d,

then 1x2419
gy



Ex: Let's show lim = -

X + - 3

t: Let &0 .

]
We need to find 80 so that if O < IX-731kS,

[ then12-(1))E

Note that
make-Ssmal
bound this

e
Suppose asymptote

·lm
Suppose

Then ,

|x + 31)z

So
,

- t(x+ 347

giving ex +
2

↓

which gives + 2

-22E ↳
which gives

12) Z



Set 8 = mint /b.

Then
,

ifo< /X-c-321S we get

(t - (x)) = (x - -3) -/

>S : 2

= E . 2

= E

Lo,
it o > IX-23116,

then It-6131
4

The rem: Limits of functions are unique.

That is ,
if f:D-R and a is a limit

Point of D Withinf(x)
= 2

,
and limf(x

X+ a

then L
,
= L2
-

of
: Hw.



#tionlivit theore
,
a

limit point of D.

The following are equivalent :

① lim f(x) = L

X + a

②limef(xn) = > for every sequence
(Xe) contained

nex

in D with Xn#a for all n
and Xn->

a.

·
A roof:

(D =XQ) Suppose Liwf(x)=

Let (Xn) be a sequence
contained in D

such that Xn # a for all n and Xu + a.



Let's show that f(xul -> L
.

Let E > 0.

Since Limf(x = L
,

there exists 3

So that if o < IX-alS and X-D

then If(x) -11 < E
·

Since Xn + a there exists N where

if n > N then OcIn-akS .

⑫
Thus,

if n > N,
then If(xe)-21 < E.

We have shown thatHim f(x

thatlie f(x) = L for every

(=0) Suppose

(X) contained in D with XnFa

Sequence
for all n and Xn+ a.

Let's show this implies that limf(x) = 2.

X + a

Suppose to the contrary that lim f(x) # L

X + a

This implies that there exists a



particular 8.30 where no matter

What 830 is chosen there exists XED

with o < IX-al8 but If(x)-2K, 30.

Consider Sn= in

Then there exists a sequence
(X1) where

for each n we
have XeED and

oc(Xe-al > in but (f(x) - 21,
3

X-
-> a with

This givesvs a sequence

Xn+ for all n butlivf(xn
Contradiction .

#

-



DER and a be a limit

toollury:Let Let f : D-1 and g : D - 1.

Suppose Lief(x)
= L and im g(x = M.

x + b

Then :

Olim
(f(x) = L

② ( (f(x) + g(x)] = L + M

③ lim [f(x(g(x)] = LM

X+ a

④
if RO and g(X)D

↓of: We use the function-sequence limit

theorem.

Let (Xn) be a sequence in D where xn# a

for all n and Xn-a .

By the function-sequence limit theorem

limf(xn) = L and ling(xn= M.

n+ 1

Thus , by the algebra of sequences
there

we get that



im cf(x) = cliu fixc

lim [f(xn) + g(xn)) = lim f(x) + lig(x=
nex

hi (f(xnlg(xn)) = [inf(x))· (limg(xn] =
function-sequence

Since (Xn) was arbitrary , by the
0,

Q, 8 .

limit theorem ,
we have proven

For 4 , suppose M #O and g(x) + 0 for all XED
.

Since (Xn) is contained in D we have

g(xn) # 0 for all n.

theorem we get

By the algebra of sequences

lim
lim f(xn) #nog(x)

=

n+ X

By the functive-sequence limit theorem this proves
#

-


